Abstract. Doust and Weston [5] introduced a new method called "enhanced negative type" for calculating a non trivial lower bound ℘ T on the supremal strict p-negative type of any given finite metric tree (T, d). (In the context of finite metric trees any such lower bound ℘ T > 1 is deemed to be non trivial.) In this paper we refine the technique of enhanced negative type and show how it may be applied more generally to any finite semi-metric space (X, d) that is known to have strict p-negative type for some p ≥ 0. This allows us to significantly improve the lower bounds on the supremal strict p-negative type of finite metric trees that were given in Doust and Weston [5] and, moreover, leads in to our main result: The supremal p-negative type of a finite semimetric space cannot be strict. By way of application we are then able to exhibit large classes of finite metric spaces (such as finite isometric subspaces of Hadamard manifolds) that must have strict p-negative type for some p > 1. We also show that if a semi-metric space (finite or otherwise) has p-negative type for some p > 0, then it must have strict q-negative type for all q ∈ [0, p). This generalizes Schoenberg [21, Theorem 2].
Introduction and Synopsis
The definition and applications of the notion of p-negative type of a metric space (X, d) date back to the early 1900s with antecedents in the late 1800s. The formal definition of p-negative type is given in Definition 2.1 (a). Prominent early work on p-negative type was done by Menger [17] , Moore [18] and Schoenberg [20, 21, 22] . They were motivated in part by a search for characterizations of subsets of Hilbert space up to isometry. For example, Schoenberg [22] showed that a metric space is isometric to a subset of Hilbert space if and only if it has 2-negative type. In the 1960s Bretagnolle et al. [3] obtained a spectacular generalization of Schoenberg's result to the category of Banach spaces: A Banach space is linearly isometric to a subspace of some L p -space (for a fixed p, 0 < p ≤ 2) if and only if it has p-negative type. It remains a prominent question to give a complete generalization of this result to the setting of noncommutative L p -spaces. See, for example, Junge [12] .
Other difficult questions concerning p-negative type, such as the Goemans-Linial Conjecture, have recently figured prominently in theoretical computer science. Some sources which help illustrate the landscape of results and open problems related to contemporary applications of p-negative type include Deza and Laurent [4] , Khot and Vishnoi [14] (who solved the Goemans-Linial Conjecture negatively), Lee and Naor [15] , Prassidis and Weston [19] , and Wells and Williams [23] . There is in fact a vast and burgeoning literature along these lines.
The related notion of strict p-negative type has been studied rather less well than its classical counterpart and most known results deal with the case p = 1. Some examples of papers which illustrate this particular case include Hjorth et al. [10, 11] , Doust and Weston [5, 6] , and Prassidis and Weston [19] . These papers, moreover, tend to focus on finite metric spaces and there are good reasons why this is the case. For a start, determining meaningful lower bounds on the supremal strict p-negative type of classes of finite metric spaces is a difficult nonlinear problem with serious applications to practical embedding problems. Finding such lower bounds is the major focus of this paper. The formal definition of strict p-negative type is given in Definition 2.1 (b).
We begin in Section 2 by reviewing salient features of generalized roundness, negative type, strict negative type and enhanced negative type. The latter notion (see Remark 2.7) having been introduced recently by Doust and Weston [5, 6] in their analysis of finite metric trees. In particular, the isolation and properties of the (normalized) p-negative type gap Γ p X of a metric space (X, d) obtained therein will play a critical rôle in our computations in Section 3. The formal definition of the gap parameter Γ p X is given in Definition 2.6. Doust and Weston [5, Theorem 5.2] made the observation that if the p-negative type gap Γ p X of a finite metric space (X, d) is positive for some p ≥ 0, then (X, d) must have strict q-negative type on some interval of the form [p, p + ζ) where ζ > 0. The estimate given therein on ζ turns out to be far from best possible. The purpose of Section 3 is to provide a sharper version of Doust and Weston [5, Theorem 5.2] . This is done in Theorem 3.3 and provides the main result of Section 3. Theorem 3.3 leads directly to dramatically improved lower bounds on the maximal p-negative type of finite metric trees. These are given in Corollary 3.5. Then in Remark 3.6 we point out that the estimates given in Corollary 3.5 are asymptotically sharp for finite metric trees that resemble "stars" (by which we mean one internal vertex surrounded by a number of "leaves"). This suggests there is little room for improvement in the statement of Theorem 3.3 (in general).
In Section 4 we use Theorem 3.3 and an elementary compactness argument to derive the main result of this paper: The supremal p-negative type of a finite metric space cannot be strict. This is done in Theorem 4.1. Using known results we are then able to exhibit large classes of finite metric spaces, all of which must have strict p-negative type for some p > 1. For example, any finite isometric subspace of a Hadamard manifold must have strict p-negative type for some p > 1. An array of such examples are collated in Corollary 4.5.
The main result of Section 5 generalizes Schoenberg [21, Theorem 2] . This is done in Theorem 5.2 where we show that if a metric space (finite or otherwise) has p-negative type for some p > 0, then it must have strict q-negative type for all q ∈ [0, p). This leads to further examples of metric spaces having non trivial strict p-negative type. We then conclude the paper with the observation in Remark 5.5 that Theorems 3.3, 4.1 and 5.2 actually hold more generally for finite semi-metric spaces. This is because we do not use the triangle inequality at any point in our definitions or proofs.
Throughout this paper the set of natural numbers N is taken to consist of all positive integers and sums indexed over the empty set are always taken to be zero. Given a real number x, we are using ⌊x⌋ to denote the largest integer that does not exceed x, and ⌈x⌉ to denote the smallest integer number which is not less than x.
A rudimentary framework for strict and enhanced negative type
We begin by recalling some theoretical features of (strict) p-negative type and its relationship to (strict) generalized roundness. More detailed accounts may be found in Benyamini and Lindenstrauss [2] , Deza and Laurent [4] , Prassidis and Weston [19] , and Wells and Williams [23] . These works emphasize the interplay between the classical p-negative type inequalities and isometric, Lipschitz or uniform embeddings. They also indicate applications to more contemporary areas of interest such as theoretical computer science. One of the most important results for our purposes is the equivalence of (strict) p-negative type and (strict) generalized roundness p. This is described in Theorem 2.4. (a) (X, d) has p-negative type if and only if for all natural numbers k ≥ 2, all finite subsets {x 1 , . . . , x k } ⊆ X, and all choices of real numbers η 1 , . . . , η k with η 1 + · · · + η k = 0, we have: [23] provide an overview of Schoenberg's program.) Moreover, if ℘ is finite, then (X, d) has ℘-negative type. It turns out that is possible to reformulate both ordinary and strict p-negative type in terms of an invariant known as generalized roundness from the uniform theory of Banach spaces. Generalized roundness was introduced by Enflo [8] in order to solve (in the negative) Smirnov's Problem: Is every separable metric space uniformly homeomorphic to a subset of Hilbert space? The analog of this problem for coarse embeddings was later raised by Gromov [9] and solved negatively by Dranishnikov et al. [7] . Prior to introducing generalized roundness in Definition 2.3 (a) we will develop some intermediate technical notions in order to streamline the exposition throughout the remainder of this paper. Definition 2.2. Let s, t be arbitrary natural numbers and let X be any set.
(
X together with a load vector ω = (m 1 , . . . , m s , n 1 , . . . , n t ) for D. Such a loaded simplex will be denoted
. . , n t ) satisfies the two normalizations:
Such a vector ω will be called a normalized load vector for D.
Rather than give the original definition of generalized roundness p from Enflo [8] we will present an equivalent reformulation in Definition 2.3 (a) that is due to Lennard et al. [16] and Weston [24] . (See also Prassidis and Weston [19] .) 
(b) (X, d) has strict generalized roundness p if and only if it has generalized roundness p and the associated inequalities (2) are all strict.
Two key aspects of generalized roundness for the purposes of this paper are the following equivalences. Part (a) is due to Lennard et al. [16] and part (b) was later observed by Doust and Weston [5] . 
Notice that γ Definition 2.6. Let p ≥ 0. Let (X, d) be a metric space with p-negative type. We define the (normalized) p-negative type gap of (X, d) to be the non negative quantity Γ p X = inf
where the infimum is taken over all normalized (s, t)-simplices D( ω) in X.
Remark 2.7. Suppose (X, d) is a metric space with p-negative type for some p ≥ 0. There are two ways in which we may view the parameter Γ = Γ p X . By definition, Γ is the largest non negative constant so that
Alternatively, Γ is the largest non negative constant so that
for all natural numbers k ≥ 2, all finite subsets {x 1 , . . . , x k } ⊆ X, and all choices of real numbers η 1 , . . . , η k with η 1 + · · · + η k = 0. The fact that Γ is scaled on the left-hand side of (4) simply reflects that the classical p-negative type inequalities are not (by definition) normalized whereas the generalized roundness inequalities are normalized. The equivalence of (3) and (4) is noted in Doust and Weston [5, 6] . The family of inequalities in (3) or (4) are said to exhibit enhanced p-negative type.
Recall that a finite metric tree is a finite connected graph that has no cycles, endowed with an edge weighted path metric. Hjorth et al. [11] have shown that finite metric trees have strict 1-negative type. Therefore it makes sense to try to compute the 1-negative type gap of any given finite metric tree. This has been done recently by Doust and Weston [5] . However, a modicum of additional notation is necessary before stating their result. The set of all edges in a metric tree (T, d), considered as unordered pairs, will be denoted E(T ), and the metric length d(x, y) of any given edge e = (x, y) ∈ E(T ) will be denoted |e|. In particular, Γ > 0.
Although strict 1-negative type has been relatively well studied, properties of strict p-negative type for p = 1 remain rather obscure and, indeed, there are a large number of intriguing open problems which beg further investigation. See, for example, Prassidis and Weston [19, Section 6] which lists some such problems. . This is done in Theorem 3.3. This leads to a dramatically improved lower bound on the maximal p-negative type of any given finite metric tree in Corollary 3.5. Then in Remark 3.6 we point out that the estimates given in Corollary 3.5 are asymptotically sharp for finite metric trees that resemble stars. This suggests there is not much room for improvement in the statement of Theorem 3.3, the main result of this section.
The proof of Theorem 3.3 is facilitated by the following two technical lemmas which are easily realized using basic calculus or by simple combinatorial arguments. The proofs of these lemmas are therefore omitted. has maximum value
Moreover, the function (min F )(m) = We will continue to use the notation Recall that the metric diameter of a finite metric space (X, d) is given by the quantity diam X = max 
Moreover, (X, d) has strict q-negative type for all q ∈ [p, p + ζ). In particular, p + ζ provides a lower bound on the supremal (strict) q-negative type of (X, d).
Proof. We may assume that the metric d is not a positive multiple of the discrete metric on X. (Otherwise, (X, d) has strict r-negative type for all r ≥ 0.) Hence D > 1. We may also assume that min{d(x, y)|x = y} = 1 by scaling the metric d in the obvious way (if necessary). This means that D is now the diameter of our rescaled metric space (which we will continue to denote (X, d)). Moreover, for all ℓ = d(x, y) = 0 and all ζ > 0, we have ℓ
. This is because (for any fixed ζ > 0) the function f (x) = x p+ζ − x p is increasing on the interval [1, ∞) . (This will be used in the derivation of (7) 
By definition of the p-negative type gap Γ = Γ p X we have
The strategy of the proof is to argue that
provided ζ > 0 is sufficiently small. The net effect from (5) and (6) is then L(p+ζ) < R(p + ζ). Or, put differently, that (X, d) has strict (p + ζ)-negative type. As all non zero distances in (X, d) are at least one we automatically obtain the second inequality of (6) for all ζ > 0: R(p) ≤ R(p + ζ). Therefore we only need to concentrate on the first inequality of (6) . First of all notice that
by applying Lemmas 3.1 and 3.2. Now observe that
By combining (7) and (8) we obtain the first inequality of (6) for all ζ > 0 such that
Hence L(p + ζ) < R(p + ζ) for any such ζ. It is also clear from (6), (7) and (8) that L(ζ 0 ) ≤ R(ζ 0 ). These observations and descaling the metric (if necessary) complete the proof of the theorem. 
Proof. By Theorem 2.8, Γ = Γ 
On the other hand, if T denotes a star with n − 1 (≥ 2) leaves endowed with the ordinary path metric, Doust and Weston [5, Theorem 5.6] have explicitly computed:
Hence the estimates given in Corollary 3.5 are asymptotically sharp for stars endowed with the ordinary path metric.
Supremal p-negative type of a finite metric space cannot be strict
If the p-negative type gap Γ p X of a metric space (X, d) is positive then clearly that metric space has strict p-negative type. It is an interesting question to what extent -if any -the converse of this statement is true. Our next result points out that the converse statement is always true in the case of finite metric spaces. By way of a notable contrast, Doust and Weston [5] have shown that there exist infinite metric trees (X, d) of strict 1-negative type with 1-negative type gap Γ By recalling that p-negative type holds on closed intervals we further obtain the following interesting case of equality in the negative type inequalities. 
Proof.
If not, then (X, d) would have strict ℘-negative type, thereby contradicting Corollary 4.3. Proof. All of the above finite metric spaces have strict p-negative type for p = 1 by the results of Hjorth et al. [10, 11] . We may therefore apply Corollary 4.2 en masse.
The persistence of strict p-negative type on intervals
Schoenberg [21] determined that if a metric space (X, d) has p-negative type for some p > 0, then it must have q-negative type for all q ∈ [0, p). The purpose of this section is to show that such a metric space (X, d) will in fact have strict q-negative type for all q ∈ [0, p). This is done in Theorem 5. 
Proof. It suffices to show that y
) has p-negative type for some p > 0, then it must have strict q-negative type for all q such that 0 ≤ q < p.
Proof. Every metric space has strict 0-negative type. So we may assume that q > 0. Since (X, d) has p-negative type, the function Ψ :
p is conditionally of negative type. That is to say, Ψ(x, x) = 0 for all x ∈ X, Ψ(x, y) = Ψ(y, x) for all x, y ∈ X, and i,j Ψ(x i , x j )η i η j ≤ 0 for all x 1 , . . . , x m ∈ X and η 1 , . . . , η m ∈ R with j η j = 0. Hence by Schoenberg's theorem [1, Theorem C.3.2] the function e −tΨ : X × X → C is of positive type for every t ≥ 0. That is to say, for every t ≥ 0, we have i,j e −tΨ(xi,xj ) η i η j ≥ 0 for any x 1 , . . . , x m ∈ X and η 1 , . . . , η m ∈ C.
Let x 1 , . . . , x n (n ≥ 2) be distinct points in X and let η 1 , . . . , η n be real numbers, not all zero, such that j η j = 0. We need to show that i,j d(x i , x j ) q η i η j < 0. The maximal p-negative type of many classical (quasi) Banach spaces has been computed explicitly. For example, suppose 0 < q ≤ 2 and that µ is a positive measure, then the maximal p-negative type of L q (µ) is simply q. (A short proof of this result, which is due to Schoenberg [22] in the case q = 2, is given in Lennard et al. [ One may formulate other such corollaries on the basis of Theorem 5.2 and examples where non trivial lower bounds on maximal p-negative type have been computed. For example, provided 1 ≤ q < 2, L q -metrics on the Heisenberg group H 2n+1 in the sense of Lee and Naor [15] are known to have q-negative type and therefore have strict p-negative type for all p ∈ [0, q) by Theorem 5.2.
Recall that a semi-metric space is required to satisfy all of the axioms of a metric space except (possibly) the triangle inequality. In this respect we are following Khamsi and Kirk [13] .
Remark 5.5. In closing we note that Theorems 3.3, 4.1 and 5.2 hold (more generally) for all finite semi-metric spaces (X, d). This is because the triangle inequality has played no rôle in any of the definitions or computations of this paper.
